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A WEIGHTED RENORMALIZED CURVATURE FOR
MANIFOLDS WITH DENSITY
JEFFREY S. CASE
Abstract. We introduce a scalar invariant on manifolds with density which
is analogous to the renormalized volume coefficient v3 in conformal geometry.
We show that this invariant is variational and that shrinking gradient Ricci
solitons are stable with respect to the associated W-functional.
1. Introduction
The σk-curvatures of a Riemannian manifold (M
n, g) are defined as the k-th
elementary symmetric functions of the eigenvalues of the Schouten tensor. These
invariants have been heavily studied in conformal geometry, in part because of
their variational properties, especially as related to Einstein metrics [1, 10]. In this
respect, Chang, Fang and Graham observed [3, 4, 7] that the renormalized volume
coefficients vk [6], which agree with the σk-curvature when the latter is variational
or when the metric is Einstein [7, 8], have even better properties: the renormalized
volume coefficients are always variational [3, 6]; have highest order term equal to
the σk-curvature [7]; and Einstein metrics with nonzero scalar curvature are stable
with respect to Fk [4, 9].
Motivated by the question of finding invariants with similar properties with
respect to gradient Ricci solitons, the author introduced the notion of the weighted
σk-curvatures on a manifold with density [2]. A manifold with density is a triple
(Mn, g, e−φ dvol) consisting of a Riemannian manifold and a smooth measure; such
a space is a gradient Ricci soliton if Ric+∇2φ = λg for some λ ∈ R. The weighted
σk-curvatures σ˜k,φ are defined for all k ∈ N and λ ∈ R. These invariants are
especially useful for studying gradient Ricci solitons with Ric+∇2φ = λg. The
first three such invariants are
σ˜1,φ :=
1
2
(
R+ 2∆φ− |∇φ|2 + 2λ(φ− n)
)
,
σ˜2,φ :=
1
2
(
(σ˜1,φ)
2 − |R˜icφ|
2
)
,
σ˜3,φ :=
1
6
(
(σ˜1,φ)
3 − 3σ˜1,φ|R˜icφ|
2 + 2 tr
(
R˜icφ
)3)
,
where R˜icφ = Ric+∇
2φ − λg and
(
R˜icφ
)3
is the three-fold composition of R˜icφ
with itself when regarded as an endomorphism of TM via the metric. Analogous
to the Riemannian setting, the weighted σk-curvatures are variational if and only if
k ∈ {1, 2} or g is flat, and non-steady gradient Ricci solitons are stable with respect
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to the corresponding functionals in these cases; see [2] for details. One would
like to remove the restriction that g be flat by introducing a family of “weighted
renormalized volume coefficients” on manifolds with density which are variational
and recover the weighted σk-curvatures for flat metrics.
The purpose of this note is to provide evidence that such a family exists. Specif-
ically, we show that the (third) renormalized volume coefficient
v˜3,φ := σ˜3,φ +
1
3
〈B˜φ, R˜icφ〉
is the correct weighted analogue of the corresponding Riemannian invariant v3.
Here B˜φ is the weighted Bach tensor
(1.1) B˜φ := δφdR˜icφ +Rm ·R˜icφ;
see Section 2 for an explanation of our notation. Note that if g is flat or R˜icφ = 0,
then B˜φ = 0. In particular, v˜3,φ = σ˜3,φ on flat manifolds and gradient Ricci
solitons. For this reason, and in analogy with the Riemannian situation (cf. [7]),
we define v˜1,φ := σ˜1,φ and v˜2,φ := σ˜2,φ as the first and second renormalized volume
coefficients. It is easy to check that
B˜φ = 2dRic(·,∇φ, ·) + Rm · (Ric+dφ⊗ dφ) + δdRic−λRic,
and hence, for (g, τ) fixed, v˜k,φ depends only on the two-jet of φ for all k ∈ {1, 2, 3}.
The variational properties of v˜3,φ can be understood in terms of theW3-functional
(1.2) W3(g, φ, τ) :=
∫
M
[
τ3v˜3,φ +
τ
8
v˜1,φ
]
(4piτ)−
n
2 e−φ dvolg
defined on a compact manifold Mn, where v˜3,φ and v˜1,φ are defined in terms of the
manifold with density (Mn, g, e−φ dvol) and the parameter λ = 1/(2τ) > 0. It is
clear that the W3-functional is scale-invariant: W3(cg, φ, cτ) = W3(g, φ, τ) for all
c > 0. We are interested in the first and second variation of this functional in the
scale-invariant classes
C1(g, τ) :=
{
φ ∈ C∞(M)
∣∣∣∣ ∫
M
(4piτ)−
n
2 e−φ dvolg = 1
}
,
C1(g) := {(φ, τ) ∈ C
∞(M)× (0,∞) | φ ∈ C1(g, τ)} .
Our first result is a characterization of the critical points of W3 : C1(g, τ) → R;
in particular, this shows that v˜3,φ is variational.
Theorem 1.1. Let (Mn, g) be a Riemannian manifold and fix τ > 0. Then φ is a
critical point of W3 : C1(g, τ)→ R if and only if there is a constant c ∈ R such that
(1.3) v˜3,φ −
1
2τ
v˜2,φ +
1
8τ2
v˜1,φ = c.
Using [2, Proposition 5.2 and Proposition 5.7], it is easy to check that the critical
points of W3 +
1
2W2 +
1
8W1 in C1(g, τ) are such that v˜3,φ is constant, hence v˜3,φ is
variational.
Our second result shows that shrinking gradient Ricci solitons are stable with
respect to W3 : C1(g)→ R. To that end, we say that (M
n, g, e−φ dvol) is a volume-
normalized shrinking gradient Ricci soliton if there is a constant τ > 0 such that
Ric+∇2φ = 12τ g and (φ, τ) ∈ C1(g). Note that if Ric+∇
2φ = 12τ g > 0, then
e−φ dvol is a finite measure [11] and hence, by adding a constant to φ if necessary,
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we can ensure that φ ∈ C1(g, τ). To state our result, recall that if (φ, τ) is a critical
point of W3 : C1(g)→ R, then we may define the quadratic form W
′′
3 on
T(φ,τ)C1(g) =
{
(ψ, t) ∈ C∞(M)× R
∣∣∣∣ ∫
M
(
ψ +
nt
2τ
)
(4piτ)−
n
2 e−φ dvol = 0
}
.
by W ′′3 (v) := (W3(γ(s)))
′′
(0) for γ : (−ε, ε)→ C1(g) a smooth path with γ
′(0) = v.
Theorem 1.2. Let (Mn, g, e−φ dvol) be a volume-normalized shrinking gradient
Ricci soliton. Then (φ, τ) is a critical point of W3 : C1(g)→ R and W
′′
3 is a positive
semi-definite quadratic form on T(φ,τ)C1(g). Moreover, either
(1) the null space of W ′′3 is (n+1)-dimensional, in which case (M
n, g, e−φ dvol)
is isometric to an n-dimensional Gaussian;
(2) the null space of W ′′3 is k-dimensional, 1 ≤ k ≤ n − 1, in which case
(Mn, g, e−φ dvol) factors through a k-dimensional Gaussian; or
(3) W ′′3 is positive definite.
Here an n-dimensional Gaussian is one of the manifolds with density(
R
n, dx2, exp
(
−
|x|2
4τ
)
dvol
)
for some τ > 0. These are all volume-normalized shrinking gradient Ricci solitons.
We say that (Mn, g, e−φ dvol) factors through a k-dimensional Gaussian if it is
isometric to a product(
Nn−k × Rk, h⊕ dx2, exp
(
−f −
|x|2
4τ
)
dvol
)
of a manifold with density (Nn−k, h, e−f dvol) and a k-dimensional Gaussian but it
is not isometric to a corresponding product of an (n− k− 1)-dimensional manifold
with density and a (k + 1)-dimensional Gaussian. The null directions in Theo-
rem 1.2 correspond to translations in the Euclidean factors; when (Mn, g, e−φ dvol)
is isometric to an n-dimensional Gaussian, the additional null direction corresponds
to the homothety invariance of the Euclidean metric and the scale invariance of the
W3-functional. Specifically, if xj denote the standard coordinates in the Euclidean
factor, then (xj , 0) is always a null direction for W
′′
3 , and on the n-dimensional
shrinking Gaussian, (|x|2,−4τ2) is also a null direction for W ′′3 .
Theorem 1.2 generalizes [2, Theorem 9.2] and [2, Theorem 1.3] for the W1- and
W2-functionals, respectively. Theorem 1.2 is also the primary reason we define the
W3-functional by integrating τ
3v˜3,φ +
τ
8 v˜1,φ: Consider the functional
(1.4) V3(g, φ, τ) :=
∫
M
τ3v˜3,φ (4piτ)
−
n
2 e−φ dvolg .
If (Mn, g, e−φ dvol) is a volume-normalized shrinking gradient Ricci soliton which is
not isometric to a shrinking Gaussian, then V ′′3 determines a positive semi-definite
quadratic form on TC1(g) with finite-dimensional kernel. However, on shrinking
Gaussians, V ′′3 = 0 (cf. Theorem 4.1). Adding any positive multiple of the W1-
functional to V3 yields a functional whose second variation on shrinking Gaussians
is a positive semi-definite quadratic form on TC1(g) with finite dimensional kernel.
We have chosen the particular multiple in our definition (1.2) to ensure that the
Euler equation (1.3) is equivalent to σ̂3,φ being constant on a Euclidean background
(cf. [2, Theorem 7.5]).
4 JEFFREY S. CASE
One could conceivably define the fourth weighted renormalized volume coeffi-
cient via an explicit local formula (cf. [7, (2.23)]) and prove analogous results.
However, this is impractical as a means to defining the full family of weighted
renormalized volume coefficients, not in the least because explicit formulae for the
general renormalized volume coefficients are not known. A better approach is to
develop a suitable notion of the “weighted ambient metric” to which one can adapt
the arguments used to study the variational properties of the renormalized volume
coefficients [3, 4, 7].
2. Some preliminary results
Before we can investigate variations of the W3-functional, we need some facts
involving the weighted Bach tensor (1.1) and some estimates involving shrinking
gradient Ricci solitons.
Let (Mn, g, e−φ dvol) be a manifold with density and fix λ ∈ R. Denote R˜icφ in
abstract index notation by R˜ij . Then the weighted Cotton tensor dR˜icφ and the
weighted Bach tensor B˜φ are,
(dR˜)ijk := ∇iR˜jk −∇jR˜ik,
(B˜φ)ij := ∇
k(dR˜)kij − (dR˜)kij∇
kφ+RikjlR˜
kl,
respectively. It is important for us to compute the weighted divergence(
δφB˜φ
)
j
:= ∇k(B˜φ)kj − (B˜φ)kj∇
kφ
of the weighted Bach tensor.
Lemma 2.1. Let (Mn, g, e−φ dvol) be a manifold with density and let λ ∈ R. Then
δφB˜φ = −dRicφ ·Ricφ,
where (dRicφ ·Ricφ)j = (dR˜)ijkR˜
ik.
Proof. [2, Corollary 5.8] implies that
δφB˜φ = −δφ
(
E˜2,φ − λE˜1,φ
)
− d (σ˜2,φ − λσ˜1,φ) .
On the other hand, [2, Proposition 6.2] implies that
δφ
(
E˜2,φ − λE˜1,φ
)
+ d (σ˜2,φ − λσ˜1,φ) = dR˜icφ · R˜icφ. 
The proofs of Theorem 1.1 and especially Theorem 1.2 require three rigid-
ity results for shrinking gradient Ricci solitons. First, we require the following
Lichnerowicz–Obata-type theorem proven by Cheng and Zhou [5, Theorem 2] which
holds for manifolds with uniformly positive Bakry-E´mery Ricci tensor.
Lemma 2.2. Let (Mn, g, e−φ dvol) be such that Ric+∇2φ ≥ 12τ g > 0. Then
λ1(−∆φ) := inf
{∫
|∇u|2 e−φ dvol∫
u2 e−φ dvol
∣∣∣∣ u 6= 0, ∫
M
u e−φ dvol = 0
}
≥
1
2τ
.
Equality holds if and only if (Mn, g, e−φ dvol) factors through a k-dimensional
shrinking Gaussian for k > 0 the dimension of the L2-eigenspace of −∆φ cor-
responding to the eigenvalue 12τ . This eigenspace is generated by the standard co-
ordinate functions on Rk.
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Second, we need to know that the weighted σk-curvatures of a volume-normalized
shrinking gradient Ricci soliton are constant and have a sign [2, Lemma 4.9].
Lemma 2.3. Let (Mn, g, e−φ dvol) be a volume-normalized shrinking gradient Ricci
soliton. Then for all k ∈ N,
σ˜k,φ =
1
k!
(σ˜1,φ)
k
is constant. Moreover, σ˜1,φ ≤ 0 with equality if and only if (M
n, g, e−φ dvol) is
isometric to a shrinking Gaussian.
Third, we need to know that the mean-free part φ0 of the potential φ of a
shrinking gradient Ricci soliton is an eigenfunction for the weighted Laplacian ∆φ
and the L2-norm of φ0 is controlled [2, Lemma 4.10]. Then
Lemma 2.4. Let (Mn, g, e−φ dvol) be a volume-normalized shrinking gradient Ricci
soliton. Set φ0 := φ−
n
2 − 2τσ˜1,φ.
−∆φφ0 =
1
τ
φ0,(2.1) ∫
M
φ20(4piτ)
−
n
2 e−φ dvol ≤
n
2
.(2.2)
Moreover, equality holds in (2.2) if and only if (Mn, g, e−φ dvol) is isometric to a
shrinking Gaussian.
3. The first variation of W3
In order to compute both the first and second variations of W3, we need to
compute the first variations of v˜k,φ for k ∈ {1, 2, 3}. For the remainder of this note,
given a Riemannian manifold (Mn, g) and a smooth curve γ(s) = (φ(s), τ(s)) ∈
C∞(M)×(0,∞), weighted invariants (e.g. v˜3,φ) represent the s-dependent invariant
defined in terms of the manifold with density (Mn, g, e−φ(s) dvolg) with parameter
λ = 1/ (2τ(s)) and primes (e.g. (τ3v˜3,φ)
′) denote the s-derivative along the curve.
Similarly, a derivative at zero (e.g. (τ3v˜3,φ)
′(0)) denotes the s-derivative evaluated
at s = 0. We denote (ψ, t) = ∂γ
∂s
and ψ0 = ψ+
nt
2τ . We always integrate with respect
to dν := (4piτ)−
n
2 e−φ dvol; in particular, ∂
∂s
(dν) = −ψ0 dν.
Recall the first variation of v˜1,φ; see [2, (9.2)].
Lemma 3.1. Let (Mn, g) be a Riemannian manifold and let γ(s) = (φ(s), τ(s)) be
a smooth curve in C∞(M)× (0,∞). Then
(3.1) (τ v˜1,φ)
′
= τ∆φψ0 +
1
2
ψ0 + t
(
σ1,φ −
n
4τ
)
.
Next, we compute the first variation of v˜2,φ (cf. [2, (9.4)]).
Lemma 3.2. Let (Mn, g) be a Riemannian manifold and let γ(s) = (φ(s), τ(s)) be
a smooth curve in C∞(M)× (0,∞). Then
(3.2)
(
τ2v˜2,φ
)′
= τ2δφ
(
T˜1,φ(∇ψ0)
)
+
τ
2
v˜1,φψ0
+ tτ v˜1,φ
(
σ1,φ −
n
4τ
)
+ tτ〈E˜1,φ,Ricφ〉,
where T˜1,φ = v˜1,φg − R˜icφ and E˜1,φ = T˜1,φ − v˜1,φg.
6 JEFFREY S. CASE
Proof. Suppose first that t = 0. From [2, Corollary 8.4] we see that
(3.3)
(
τ2v˜2,φ
)′
= τ2δφ
(
T˜1,φ(∇ψ0)
)
+
τ
2
v˜1,φψ0.
Suppose next that ψ0 = 0. The expression
τ2v˜2,φ =
1
2
(
(τ v˜1,φ)
2
−
∣∣∣τR˜icφ∣∣∣2)
readily implies that
(3.4)
(
τ2v˜2,φ
)′
= tτ v˜1,φ
(
σ1,φ −
n
4τ
)
− tτ〈R˜icφ,Ricφ〉.
Combining (3.3) and (3.4) yields (3.2). 
Lastly, we compute the first variation of v˜3,φ.
Lemma 3.3. Let (Mn, g) be a Riemannian manifold and let γ(s) = (φ(s), τ(s)) be
a smooth curve in C∞(M)× (0,∞). Then(
τ3v˜3,φ
)′
= τ3δφ
((
T˜2,φ +
1
3
B˜φ
)
(∇ψ0)
)
+
τ2
2
v˜2,φψ0
+ tτ2v˜2,φ
(
σ1,φ −
n
4τ
)
+ tτ2
〈
E˜2,φ +
1
3
B˜φ,Ricφ
〉
+
tτ2
3
〈
2B˜φ +
1
2τ
Ric, R˜icφ
〉
,
(3.5)
where T˜2,φ = v˜2,φg − v˜1,φR˜icφ +
(
R˜icφ
)2
and E˜2,φ = T˜2,φ − v˜2,φg.
Proof. Suppose first that t = 0. By [2, Corollary 8.4], it holds that
(3.6)
(
τ3σ˜3,φ
)′
= τ3δφ
(
T˜2,φ(∇ψ0)
)
+
τ2
2
v˜2,φψ0 − τ
3
(
dR˜icφ · R˜icφ
)
(∇ψ0).
Using the identity δφRm = dR˜icφ, we directly compute that(
B˜φ
)
′
= 2dR˜icφ(·,∇ψ0, ·).
It follows that
(3.7)
(
〈B˜φ, R˜icφ〉
)
′
= 2
(
dR˜icφ · R˜icφ
)
(∇ψ0) + 〈B˜φ,∇
2ψ0〉.
In particular, combining (3.6) and (3.7) with Lemma 2.1 yields
(3.8)
(
τ3v˜3,φ
)′
= τ3δφ
((
T˜2,φ +
1
3
B˜φ
)
(∇ψ0)
)
+
τ2
2
v˜2,φψ0.
Suppose next that ψ0 = 0. Write
τ3v˜3,φ =
1
6
(τ v˜1,φ)
3 −
1
2
(τ v˜1,φ) |τR˜icφ|
2 +
1
3
tr
(
τR˜icφ
)3
+
τ
3
〈τB˜φ, τR˜icφ〉.
One readily computes that (τB˜φ)
′ = tBφ, from which it follows that(
τ3v˜3,φ
)′
= tτ2
(
v˜2,φ
(
σ1,φ −
n
4τ
)
+
〈
E˜2,φ +
1
3
B˜φ,Ricφ
〉
+
1
3
〈B˜φ +Bφ, R˜icφ〉
)
.
Combining this with (3.8) and the identity τBφ = τB˜φ +
1
2 Ric yields (3.5). 
We now compute the first variation of the V3-functional (1.4).
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Theorem 3.4. Let (Mn, g, e−φ dvol) be a manifold with density and let τ > 0 be
such that (φ, τ) ∈ C1(g). Then
(3.9) V ′3[ψ, t] = −
∫
M
{(
τ3v˜3,φ −
τ2
2
v˜2,φ
)
ψ0 − tτ
2
[
v˜2,φ
(
σ1,φ −
n
4τ
)
+
〈
E˜2,φ +
1
3
B˜φ,Ricφ
〉
+
1
6τ
〈
4τB˜φ +Ric, R˜icφ
〉]}
dν,
for all (ψ, t) ∈ T(φ,τ)C1(g), where ψ0 = ψ +
nt
2τ .
Proof. Let γ : (−ε, ε) → C1(g) be a smooth path with γ(0) = (φ, τ) and γ
′(0) =
(ψ, t). Denote γ(s) = (φ(s), τ(s)). By definition,
V ′3[ψ, t] = (V3 (g, φ(s), τ(s)))
′ (0) =
∫
M
(
τ3v˜3,φ
)′
dν +
∫
M
τ3v˜3,φ (dν)
′.
The conclusion now follows from Lemma 3.3. 
Theorem 3.4 yields Theorem 1.1.
Proof of Theorem 1.1. Let γ(s) = (φ(s), τ) be a smooth path in C1(g, τ) with
φ(0) = φ. By Theorem 3.4 and [2, Proposition 5.2],
d
ds
∣∣∣∣
s=0
W3 (g, φ(s), τ) = −
∫
M
[
τ3v˜3,φ −
τ2
2
v˜2,φ +
τ
8
v˜1,φ −
1
16
]
ψ dν,
from which the conclusion readily follows. 
Theorem 3.4 also yields the first assertion of Theorem 1.2.
Corollary 3.5. Let (Mn, g, e−φ dvol) be a volume-normalized gradient Ricci soli-
ton. Then (φ, τ) is a critical point of W3 : C1(g)→ R.
Proof. Since the weighted Bach tensor vanishes for any gradient Ricci soliton, we
have v˜k,φ = σ˜k,φ for k ∈ {1, 2, 3}. Thus, by Lemma 2.3, we see that v˜k,φ is constant
for k ∈ {1, 2, 3}. The conclusion now follows from Theorem 1.1. 
4. The second variation of W3
In order to prove Theorem 1.2, we first compute the second variation of the
V3-functional at a volume-normalized shrinking gradient Ricci soliton.
Theorem 4.1. Let (Mn, g, e−φ dvol) be a volume-normalized shrinking gradient
Ricci soliton. Then
(4.1) V ′′3 [ψ, t] ≥
(
τ2v˜2,φ −
τ
2
v˜1,φ
)∫
M
[
τ |∇ψ1|
2
−
1
2
ψ21 +
1
2
(
c−
t
τ
)2
φ20
]
dν,
where ψ1 = ψ0 + cφ0 for ψ0 = ψ +
nt
2τ and c such that
∫
ψ1φ0 dν = 0. Moreover,
equality holds in (4.1) if and only if (Mn, g, e−φ dvol) is isometric to a shrinking
Gaussian or t = 0.
8 JEFFREY S. CASE
Proof. Let γ : (−ε, ε)→ C∞(M)× (0,∞) be a smooth path with γ(0) = (φ, τ) and
∂γ
∂s
= (ψ, t). Define functions A,B,C,D : (−ε, ε)→ R as follows:
A(s) = −
∫
M
(
τ3v˜3,φ −
τ
2
v˜2,φ
)
ψ0 dν,
B(s) =
∫
M
t
τ
(
τ2v˜2,φ
) (
τσ1,φ −
n
4
)
dν,
C(s) =
∫
M
t
〈
τ2E˜2,φ +
τ2
3
B˜φ,Ricφ
〉
dν,
D(s) =
∫
M
t
6
〈
4τB˜φ +Ric, τR˜icφ
〉
dν.
Since (V (g, φ(s), τ(s)))
′
= (A+B + C +D) (s), it suffices to compute the deriva-
tives of A,B,C andD at s = 0. This task is made simpler by combining Lemma 2.3,
Lemma 3.1, Lemma 3.2 and Lemma 3.3 to conclude that
(4.2)
(
τkv˜k,φ
)′
(0) = τk−1v˜k−1,φ
(
τ∆φ +
1
2
)
ψ0 −
tτk−2
2
v˜k−1,φφ0
for k ∈ {1, 2, 3}. Furthermore, [2, Corollary 8.4] implies that
(4.3)
(
τσ1,φ −
n
4
)
′
(0) = τ∆φψ0 −
t
2τ
φ0 +
nt
4τ
and direct computation yields(
τR˜icφ
)
′
(0) = τ∇2ψ0 +
t
2τ
g,(4.4) (
τ2E˜2,φ
)
′
(0) = −τ2v˜1,φ∇
2ψ0 −
t
2
v˜1,φg,(4.5) (
τ2B˜φ
)
′
(0) = −
t
2
∇2φ0 +
t
4τ
g.(4.6)
By adapting the proof of Corollary 3.5, we see that (φ, τ) is a critical point of
V3. Hence
A′(0) = −
∫
M
(
τ3v˜3,φ −
τ
2
v˜2,φ
)
′
(0)ψ0 dν.
Therefore, by Lemma 2.3 and (4.2),
(4.7) A′(0) =
(
τ2v˜2,φ −
τ
2
v˜1,φ
) ∫
M
[
τ |∇ψ0|
2 −
1
2
ψ20 +
t
2τ
φ0ψ0
]
dν.
Using Lemma 2.3 and Lemma 2.4, we observe that
B′(0) = −
t
2τ
∫
M
(
τ2v˜2,φ
)′
(0)φ0 dν
+ tτ v˜2,φ
∫
M
(
τσ1,φ −
n
4
)
′
(0) dν −
tτ
2
v˜2,φ
∫
M
φ0 (dν)
′(0).
From (4.2) and (4.3) we compute that
B′(0) =
∫
M
[
t
2
(
τ v˜2,φ +
1
2
v˜1,φ
)
ψ0φ0 +
t2
4τ
v˜1,φφ
2
0 +
nt2
4
v˜2,φ
]
dν.
Applying Lemma 2.3 and Lemma 2.4 yields
(4.8) B′(0) ≥
(
tτ
2
v˜2,φ +
t
4
v˜1,φ
)∫
M
[
ψ0φ0 +
t
τ
φ20
]
dν
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with equality if and only if (Mn, g, e−φ dvol) is isometric to a shrinking Gaussian
or t = 0.
Using first (4.5) and (4.6) and second (2.1), we compute that
C′(0) = −
t
2τ
∫
M
tr
(
τ2v˜1,φ∇
2ψ0 +
t
2
v˜1,φg +
t
6
∇2φ0 −
t
12τ
g
)
dν
= −
t
2τ
∫
M
[
τ v˜1,φψ0φ0 +
nt
2
v˜1,φ +
t
6τ
φ20 −
nt
12τ
]
dν.
Lemma 2.3 and Lemma 2.4 then yield
(4.9) C′(0) ≥ −
t
2
v˜1,φ
∫
M
[
ψ0φ0 +
t
τ
φ20
]
dν
with equality if and only if (Mn, g, e−φ dvol) is isometric to a shrinking Gaussian
or t = 0.
From (4.4) we compute that
D′(0) =
t
6
∫
M
[
1
2
〈∇ψ0,∇φ0〉 − τ〈∇
2ψ0,∇
2φ0〉 −
t
2τ2
φ20 +
nt
4τ2
]
dν.
Recalling that δφ∇
2u = d∆φu + Ricφ(∇u) for all u ∈ C
∞(M), we compute using
Lemma 2.4 that ∫
M
〈∇2ψ0,∇
2φ0〉 dν =
1
2τ
∫
M
〈∇ψ0,∇φ0〉 dν.
Inserting this into the previous display and using Lemma 2.4 again yields
(4.10) D′(0) ≥ 0
with equality if and only if (Mn, g, e−φ dvol) is isometric to a shrinking Gaussian
or t = 0.
Now, combining (4.7), (4.8), (4.9) and (4.10) yields
V ′′3 [ψ, τ ] ≥
(
τ2v˜2,φ −
τ
2
v˜1,φ
)∫
M
[
τ |∇ψ0|
2 −
1
2
ψ20 +
t
τ
ψ0φ0 +
t2
2τ2
φ20
]
dν
with equality if and only if (Mn, g, e−φ dvol) is isometric to a shrinking Gaussian
or t = 0. The final conclusion follows from the observation that∫
M
|∇ψ0|
2 dν =
∫
M
[
|∇ψ1|
2 +
c2
τ
φ20
]
dν,∫
M
ψ20 dν =
∫
M
[
ψ21 + c
2φ20
]
dν. 
Proof of Theorem 1.2. It follows from Theorem 4.1 and the proof of [2, Theo-
rem 9.2] that
W ′′3 [ψ, τ ] ≥
(
τ2v˜2,φ −
τ
2
v˜1,φ +
1
8
)∫
M
[
τ |∇ψ1|
2 −
1
2
ψ21 +
1
2
(
c−
t
τ
)2
φ20
]
dν
with equality if and only if (Mn, g, e−φ dvol) is isometric to a shrinking Gaussian
or t = 0. By Lemma 2.3, we see that τ2v˜2,φ −
τ
2 v˜1,φ +
1
8 > 0. Hence W
′′
3 [ψ, τ ] ≥ 0
with equality if and only if
(1) (Mn, g, e−φ dvol) is isometric to a shrinking Gaussian, c − t
τ
= 0 and∫
|∇ψ1|
2 dν = 12τ
∫
ψ21 dν, or
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(2) t = 0,
∫
ψφ0 dν = 0 and
∫
|∇ψ|2 dν = 12τ
∫
ψ2 dν.
The conclusion follows from a straightforward application of Lemma 2.2. 
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